The earlier suggested energy-level model based on an orbital singlet ground state for 3d 6 and 3d 4 ions at trigonal sites with large triclinic distortion is adopted to develop the single-ion theory of magnetic anisotropy. The Hamiltonian consisting of eight spin Hamiltonian terms and the molecular field is solved by perturbation theory. The resulting energies E Ms with M s = 0. ± 1, ± 2 are applied to calculate the free energy for Fe 2+ ions in Si-or Ge-substituted yttrium iron garnets where a uniform distribution of Fe 2+ ions over the 12 inequivalent sites is assumed. It turns out that the first two cubic anisotropy constants K ] and K 2 are insufficient to describe the anisotropy at high temperatures in the present model. By a least-squares method it is established that the anisotropy expansion series can be terminated at the fourth-order term for the present model. Thus K\, K 2 , and K 4 are derived analytically in terms of the free energy for some choosen directions of magnetization. The analytical results agree very well with the corresponding ones obtained by the least-squares method. The temperature dependence of K h i= 1, 2, 3, and 4, is calculated for a wide range of the spin Hamiltonian parameters (Band the molecular field (/?). The theoretical K\ and K 2 are fitted to the experimental values of K\ and K 2 at low temperatures obtained by neglecting the higher-order anisotropy terms, to get the values of B ( q k) and h for YIG: Si and YIG:Ge. A comparison of the present results with the corresponding ones of the previous doublet model, is also discussed. The theoretical account of the experimentally observed temperature dependence of the ratio K 2 /K\ for Fe 2+ in YIG:Ge speak in favour of the present model rather than the doublet model. The change in sign of A", observed for Fe :+ in YIG:Si. which could not be explained by the doublet model with uniform distribution of Fe 2+ ions, is well accounted for by the present model. The recently observed spin reorientation in YIG: Si can also be explained by the present model without resorting to a nonuniform distribution of Fe 2+ ions required by the previous model. This study indicates that the higher-order constants K } and K 4 are significant at high temperatures according to the present model, whereas at low temperatures according to the doublet model. Hence an experimental determination of and K 4 over a wide temperature range may provide a test of the applicability of the two models.
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Introduction
It is well recognized that the ferrous ions induced by tetravalent dopants are responsible for interesting photomagnetic effects [1] [2] [3] and magnetic circular dichroism [3] [4] [5] ion. which was based on a ground doublet state [8] , could not satisfactorily explain some of the experimental results [3] . the anisotropy of Fe 2+ ion in the present model at high temperatures. The same has been found for the previous model at low temperatures. Hence a leastsquares method for determination of the anisotropy constants of arbitrary order has been suggested by us [16] . It follows from this study that for the present model the anisotropy energy expansion can be terminated at the fourth-order term. Therefore we derive here analytical expressions for the cubic constants K\, K 2 , K3 and K A in terms of free energy F [hkl] for five choosen [hkl] directions. The analytical results agree very well with the corresponding ones of the least-squares method [16] . Hence, keeping in mind the advantages of the analytical approach over the least-squares one, the former approach is mainly used in this paper.
In Sect. 2 we present a general single-ion theory of magnetic anisotropy for a singlet ground state of 3d 6 and 3d 4 in YIG:Si will be studied in a subsequent paper [19] .
Single-ion theory of magnetic anisotropy
For a S = 2 ground singlet of 3d 6 (3d 4 ) ion at triclinic symmetry we consider a Hamiltonian consisting of the isotropic exchange interaction in the molecular field approximation [14] and the zero-field triclinic symmetry spin Hamiltonian [9, 10] 
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where h = g p ß H ex is the molecular field and the spin Hamiltonian parameters are abbreviated as B (2) = B q and B (4) =C q [15] . The direction £ of magnetization M is described by the direction cosines (/, m, n) in the cubic system with the axes along the <100)-directions. We adopt the Alben's et al. [11] model of twelve orientationally inequivalent sites at distorted trigonal symmetry centers. The Hamiltonian (1) holds for each site provided the operators 0 { q ] (S x , S v , S-) are expressed in the x, y and z local axes which differ for each site [11] , We denote by Q, the angle between one of the [lll]-axes and the ^-direction, whereas by cpjj the ange between the local .Y (/ -axis and the projection of M on the local "vj-plane.
We confine our considerations to the temperature range well below F c where is much larger in magnitude than and the later term can be treated as a perturbation to the former one [14, 20] . At temperatures approaching F c the perturbation theory is no longer applicable and a simultaneous diagonalization of the total matrix (^m f ± ^Z F ) would be required. However the magnetic anisotropy measurements rarely concern this temperature range [1, 14] .
In order to solve the Hamiltonian (1) by perturbation theory we transform the i nt0 a coordinate system with a z'-axis along the C-direction in the way used earlier [20] . The energies E Ms with Ms = 0, ± 1 and ± 2 are then derived including terms linear in B q and C q , quadratic in B q , mixed B q C q and cubic in B q as follows: 
where we denote the contributions to facilitate the discussion in the next section, we have The energies (pjj) in (2 -4) enable one to compute the free energy for an arbitrary direction [h k /] of magnetization for a given site 7 /'. The free energy per magnetic ion is thus given by [13, 14] :
where n ri is the occupancy of the z'/'-th site normalized to unity (i.e., (1/12) X n //= 0-However, ij because of the large number of terms involved in the energies (2-4) an explicit derivation of the temperature dependence of the anisotropy constants K\ and K 2 (cf., e.g. [20] ) is out of question for the present model.
In our preliminary calculations for Fe 2+ in YIG: Me 4+ we have resorted to the relations [21, 13, 14] :
which are valid only if the higher-order cubic anisotropy terms can be neglected [13, 14] , On the other hand, the dependance of the anisotropy energy F. d on the angle <5 that magnetization makes with the direction [100] in the plane (Oil) has been studied to understand the spin reorientation [6, 7] , A pronounced discrepancy has been found at high temperatures between the exact anisotropy energy: (5) and Table 1 . The angular functions p = cos0, and q = sin cos <p (/ in terms of the direction cosines (/, m, n) of magnetization for the inequivalent octahedral sites. The numbers in brackets give the site label in our notation and the Alben's et al. [11] one.
at Triclinic Symmetry 544 the approximated one:
with the K) calculated from (6) . However at low temperature a good agreement is obtained (see Fig. 2 , Section 3.A.2). These considerations indicate that the higher-order anisotropy terms cannot be neglected and consequently the relations (6) are not valid for our model at high temperatures. The expansion of the cubic anisotropy energy can be written up to the 12-th power in the direction cosines of M as [22, 16] :
In order to determine the higher-order anisotropy constants in (8) a least-square method has been suggested [16] and applied to the present model as well as to some other energy-level models. This study has revealed that the anisotropy in the present model is well accounted by the first four constants, namely to K 4 . As the least-square fittings are time consuming, it seems desirable to derive analytical expressions for K,, K 2 , £ 3 and K 4 in terms of 
The relations (9) are valid for a general case of cubic anisotropy provided the assumption K, = 0 for / ^ 5 holds. The K, values. i= 1-4. from the least-square method [16] and those from (9) are compared in Section 3.A.2.
Numerical results for Fe 2+ in YIG: Si (Ge)
The calculations are devided into two parts. Part A is based on the spin Hamiltonian parameters predicted by the microscopic theory [12] using the values of the trigonal (A) and nontrigonal (£) crystal field parameters, the spin-orbit (/.) and spinspin (g) coupling constants suitable for Fe 2+ in YIG: Me 4+ [10] . In Part B we find the spin Hamiltonian parameters which give a good agreement between the experimental [17, 18] and our calculated values of K\ and K 2 at low temperatures. We include also a comparison of our results with the corresponding results of the doublet model in Part B.
A) Theoretical predictions
We denote the sets of the values with X = -80, Q = 0.18 and with £ = 200 (Table III of Ref. [10]) as sets no. 1 to 4 for A = 300. 400, 500 and 600 cm" 1 , respectively, whereas those with £ = 300
( 
1) Energy-level calculations
It is of interest to consider the differences in energies between the 12 orientationally inequivalent sites in the present model. It is enough for this purpose to study the properties of the ground level £_ 2 alone because all the energies (2-4) involve the site-dependent quantities p and q in the same way, i.e. as the products p x q y with (.v + y) always even.
Hence the sites with a given {p, q) and those with (-p, -q) have the same energy properties. Moreover for a specified direction of M the combinations of (/, m, n) in Table 1 yield identical p and q and thus £v/ s for several sites out of the 12 inequivalent sites.
It follows from Table 1 that for the [h k I] directions considered in (6) the following sites can be grouped together as energetically equivalent ones (numbers refer to the site labels): of h (see next subsection). In Table 2 the results for two representative Bsets and two values of h are collected. In order to consider the effect of the fourth-order spin Hamiltonian terms in (1) on the energy levels we calculate also the ratio of the fourth-order contribution to the energy £_ 2 (4) with respect to the corresponding second-order contribution, namely GC/GBB, both terms giving rise to K u and GBC/GBBB, both terms giving rise mainly to K 2 . It is found that the fourth-order spin Hamiltonian terms contribute significantly to energy. For some of the site groups in Table 2 the term GBC exceeds 50% of the respective second-order contribution GBBB. Thus we conclude that the fourthorder terms in (1) cannot be neglected in the present considerations. The calculations for the remaining B
( y ] sets reveal that for a constant F the contributions to £_ 2 due to the fourth-order terms increase with A. 
Thus from Table 1 we find the following groups of energetically equivalent sites:
, (e) 6, 8, (0 10, 11 and (g) 12. The variation of the lowest two energy levels with the angle Ö is illustrated for one set and one h value in Figure 1 . A change in the site distribution over the groups of energetically equivalent sites with the angle <5 is then well visualized. Figure 1 provides also information on the peaks in the ground energy, which may be useful in the ferromagnetic resonance studies at low T. The ground energy for the 'g' and 'f' site group exhibits a peak at ö about 22. The predicted differences in energies between the various groups of sites for several directions of M considered in Table 2 and Fig. 1 are not large enough to be responsible for a permanent preferen- ions over the 12 inequivalent sites. Thus we put rijj= 1 in (5) for all /'/'. No intrinsic variation of the molecular field h with temperature is taken into account. In the temperature range 0-300 K the molecular field in pure YIG can be regarded as nearly constant [14, 23] . However, for a general discussion of the effect of h on the properties of 
(ii) the K\ and K' 2 from (6).
(iii) the K, from (9) and the ratio K,/K\ for all /', (iv) the K\ a and K 2a by the least-square fitting [16] of the 'approximated' anisotropy energy curve (8) with Kj = 0 for /' ^ 3 to the exact 'points' (12) .
In general we denote the K, values fitted by the method [16] as K u . with e = a to d for a fitting with the first 2, 3, 4 and 5 terms of (8) taken into account, respectively. The results of these fittings are compared with the approximate analytical ones from (6) and (9) in Table 3 for one choosen {B ik \ h) set. The discrepancy between the points F',(<calculated from (12) and the curve F CI (Ö) based on (7), mentioned in Sect. 2, is illustrated for this case in Figure 2 . The corresponding curves based on (8) with the Kj as well as these with the K IC from Table 3 (K 5 =K 6 =0) pass exactly through the points for all temperatures. For clarity of the graph we omit these curves from Figure 2 . The goodness of a fit is well accounted by the standard deviation a [16] of the exact and approximate curve. The importance of a given term K ir fj(ö) in the expansion set no. 6 and h -300 cm" 1 . The points represent the exactly calculated values, whereas the full lines represent the 'second-rank' approximate curve. (8) , where /•(<5) is the respective angle-dependent function, can be accounted by the percentage ratio of K i J i (8)\ with respect to |tf le /,(<5)| [16] . This ratio attains the maximum value for <5= 54.74*, where the functions f)(S) have maximum [16] , and this value is given in brackets in Table 3 (zero means a value less than 0.5%).
The drawings in Fig. 2 and a comparison of K' with K ia , i= 1 and 2, in Table 3 reveal an inadequacy of the approximation made in (6) and hence the importance of the higher-order anisotropy terms. If this approximation is good one excepts K\ = K\ a and K' 2 = K 2a , but the actual calculations show that this is not true for several (B {k \ h) sets at high temperatures. From Table 3 it is evident that a termination of the series in (8) at the fourth-order term and the use of the approximate relations (9) for the Bset no. 6 is well justified. This conclusion can be safetly extended for the remaining B (k) sets for which the discrepancy between K' and K ia , /'= 1 and 2, is comparable or less pronounced than for the B ik) set no. 6. Thus the other results presented below are based on the analytical relations (9).
We adopt the criterion [26] that the maximum value of a given term Kjfj(S) should be greater than 10% of K L /\(S) in order to consider the term as significant. Thus for the direction [111] this criterion means that the ratio KJK\ should be greater than 0.90, 0.30 and 2.70 for / = 2, 3 and 4. respectively. In Table 4 we list the temperature ranges for which the above criterion is satisfied. It is seen in Table 4 that the higher-order anisotropy terms are the most important for the B (k} set no. 1 and 6. The temperature dependance of the K,-s for the two sets is illustrated in Figure 3 . For comparison the corresponding K'j(T) from (6) with h = 200 cm" 1 are also plotted in Figure 3 . The discrepancy between K'j and K h i = 1 and 2, is then well visualized.
The behaviour of K,(T) for the other B [k) sets is
to great extend similar to that with the B (k) set no. 1 (Figure 3 a) . Hence, instead of graphical presentation, we tabulate the salient features of K X (T) and K 2 (T) in Table 5 , whereas K 3 (T) and K 4 (T) in Table 6 . These Tables give an idea about the predicted range of values attained by the anisotropy constants K,, /= 1-4, for Fe 2+ ion in YlG:Me 4+ in the temperature range 0-300 K. The variation of Kj{T) with the crystal field parameter A for two values of F considered is also illustrated by Table 5 and 6. We note that for F = 300 cm -1 the sign of K\ changes between the set no. 6 (A = 400) and 7 The K ? and with h = 400 attain to small values to be shown. A heavy line corresponds to the temperature range for which a given term is important with respect to the first term (see Table 4 ). a) The B observed in YIG:Si [6, 7] . This problem will be studied in detail in a subsequent paper [19] . The explicitely derived values of K\ at OK [15] coincide with the corresponding ones at 10 K in Table 5 . The same holds for the corrected K 2 values (see Section 2 above) of [15] and those at 10 K in Table 5 .
In order to discuss the effect of the fourth-order spin Hamiltonian parameters (C q ) on the magnetic anisotropy we calculate the constants Kj(T) with the B {k) set no. 3 and 7 putting all C q = 0. Then the quantities /?, (7) 
= | K { (T) -K,(T) \/\K,(T)
where Kj(T) are the corresponding constants with the full B [k) set, are calculated. For the both sets K, is lower than K, for /' = 1-4. With the set no. 3 R\(R 2 ) shows a systematic variation in the temperature range 10 K to 300 K between (in per cent) 7-28 (9-27), 10-13 (14-23) and 14-16 (19-23) a For h = 300 and 400 cm 1 K } and K 4 are in general insignificant (see Table 4 ).
B) Comparison of the present model with experiments and with the doublet model
The ferromagnetic resonance studies [18] have provided the first two anisotropy constants for YIG:Ge with several concentrations of Fe 2+ ions in a wide temperature range. Thus the Fe 2+ ion contributions to the anisotropy were extracted, but only at few temperatures, as follows: +4.2 and -13 at 4.2 K. + 2.3 and -4.1 at 77 K, and + 0.1 and -0.1 at 295 K, for and K 2 (in cm -1 /Fe 2+ ion), respectively. Although explicit dependance of K\ and K 2 on T was not presented, but the dependance of K 2 /K\ on T was explained well by the doublet model with the parameter a = 0.42 and /. = -54 cm -1 [18] . As pointed out in [10] this value of / implies too strong covalency reduction then expected for Fe 2+ in crystals [27] , suggesting an inadequacy of the doublet model. Table 5 (based on a more reasonable value of /. = -80 cm -1 [10] ), we have computed the necessary free energies from (5) and then the K\ (6), K/ (9) and the K ie fitted by the method [16] for the doublet model with the above values of a and A [18] , Some of the results are collected in Table 7 . From these calculations it turns out that at temperatures below 40 K the fifth-rank fit (p = 5) is not reliable for this case because of the opposite sign of K 2d and K 3d with respect to the fits with p = 4 and 3. The same is encountered [16] for the doublet model with a = 0.5 [24] , while it is not observed for a = 0.853 [28] , Therefore in the discussion below we rely on the analytical Kis which agree well with the fitted AVs. As it is seen from Table 7 the doublet model predicts the significance of K 3 and K 4 at low temperatures, whereas the present model at high temperatures (see Table 4 ). Hence, an experimental determination of the K } and K 4 in a wide temperature range may provide an useful test of applicability of the two models.
For comparison with our results presented in
If the higher-order anisotropy terms are taken into account in the analysis of the experimental data [18] one expects somewhat different values of K\ and K 2 then those quoted above. Nevertheless the theoretical Kj values (/ = 1, 2) in Table 2 are several times higher then the corresponding experimental ones [18] . On contrary, the K, values with the set no. 3 and 4 in Table 5 are quite close to the experi- sets which yield K' 2 /K\ increasing smoothly with F. whereas K 2 /K\ bends at a certain F. This situation is illustrated in Fig. 4 in other compounds [29] . In view of the large BQ values, the fitted B 2 values are also quite reasonable. and h values (see text) for Fe 2+ in YIG:Ge. Note the different scale for positive and negative A^-axis. The inset shows the ratio of the first two constants r = K 2 /K\ from (9) and / = K' 2 /K\ from (6) for the present case '/>' and for the doublet model 'J' (see Table 7 ).
well with the existing experimental points K 2 /K\, whereas the corresponding curve r p exhibits a bend. These findings indicate clearly that we should not rely on the theory as well as on the interpretation of experimental data, which takes into account only the first two anisotropy constants.
It is worthwhile to mention also the results of fittings in the range of h below and above the values 260-275 cm" 1 discussed above. A good agreement between our K\ and K 2 and the experimental K\ and K 2 at low T [18] can also be achieved with h = 155, £o= 10.5, £,=-3.4, B 2 = -2.7, C 0 = 0.110, C, = -0.040, and with C 2 = 0.0036, C 3 = 0.0001 and C 4 = 0.0005 (cm" 1 ). However K\ changes sign at about 220 K and hence a discontinuity in K 2 /K\ arises. An interesting feature is a gradual shift of the minimum of free energy from the direction [100] to [111] between 220 K and 275 K [19] .
With the values of h above 300 cm" 1 at low T has also been reported for YIG (Si v ) from torque measurements (.v = 0.05 and 0.14) [30] and from ferromagnetic resonance studies (,x = 0.05) [31] . Based on the results [31] the value K\ = 1.4 and K 2 = -2.5 (cm"'/Fe 2+ ion) has been derived at 77 K [14, 18] .
Our calculations [16] for the doublet model with the values of a and /. suitable for Fe 2+ in YIG:Si [28, 18] indicate a large discrepancy with the experimental data on K x and K 2 , especially with a = 0.5 and /. =71 cm" 1 [18] . It follows from these calcu- and C q values are very close to the ones predicted earlier [10] . These results are illustrated in Figure 5 . It is seen in Fig. 5 in YIG (Si Y ) with .Y = 0.05 and 0.14 [30] . whereas much higher than the experimentally observed for YIG(Si 0 .|) [17] . The minimum of our theoretical free energy shows a gradual shift between 175 K and 250 K from the direction [100] to [111] (see [19] ).
The above fit is not unique. An agreement is also achieved with, e.g. h = 260, £ 0 =7.5, £, = -2. and h for the present model are also subject to these uncertainties.
Summary
The novel energy-level model worked out earlier [9, 10] for Fe 2+ in YIG:Si has enabled us to develop in this paper a single-ion theory of magnetic anisotropy suitable for 3d 6 and 3d 4 ions at trigonal sites with large triclinic distortion. This theory is applied to Fe 2+ ions in YIG:Me 4+ (Me = Si, Ge) assuming a uniform distribution of Fe 2+ ions over the 12 inequivalent octahedral sites. The preliminary calculations have indicated a pronounced discrepancy between the exactly calculated anisotropy energy and the one obtained using only the cubic constants A^i and K 2 calculated from the second-rank approximate expressions. This evidence of the importance of the higher-order anisotropy terms has led us to suggest a least-squares method to determine these terms [16] . By this method it has been established that in addition to K\ and K 2 also the constants and AS should be taken into account for the present model at high temperatures and for the previous doublet model at low temperatures. Analytical expressions have been derived for K\, K 2 , AS and AS in terms of free energy for some five choosen directions of magnetization. The analytical results for K h /'= 1-4. agree very well with the cor-responding results of the least-squares method for some representative sets of the model parameters. It is also found that K\ and K' 2 obtained by neglecting the higher-order anisotropy terms differ significantly from K\ and K 2 (obtained along with K 3 and K 4 ) in a wide temperature range. The analytical approach is used to study the temperature dependance of the Ki s, i= 1-4, for a wide range of the spin Hamiltonian parameters and the molecular field. The calculations of free energy as a function of temperature and the angle <5 that magnetization makes with the axis [100] in the plane (Oil) have also been carried out. These results will be used in a subsequent paper to explain the recently observed spin reorientation in YIG:Si [6, 7] in terms of our model [19] ,
